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1. Introduction
Let N  1 be an integer. Let Y0(N) be the coarse moduli scheme over Q of the isomorphism classes
of (E, A) where E is an elliptic curve and A is a cyclic subgroup of E of order N (cf. [DeRa]). Let X0(N)
be the smooth compactiﬁcation of Y0(N). We see that X0(N) is a proper smooth curve over Q. Let
g0(N) be the genus of X0(N). Let J0(N) be the Jacobian variety of X0(N). Deﬁne an involution wN
on X0(N) by
(E, A) → (E/A, E[N]/A),
where E[N] is the kernel of multiplication by N in E . Put
X+0 (N) := X0(N)/wN .
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+
0 (N). A point x on a modular curve (e.g. X0(N), X
+
0 (N)) is called a CM
point if x is represented by an elliptic curve with complex multiplication. One of the authors studied
rational points on X+0 (N) for a composite number N .
Theorem 1.1. (See [Mo3, p. 269, Theorem (0.1)].) Let N be a composite number. If N has a prime divisor p
which satisﬁes the following conditions (i) and (ii), then the Q-rational points of the modular curve X+0 (N)
consist of cusps and CM points.
(i) p  17 or p = 11.
(ii) p = 37 and  J−0 (p)(Q) < ∞, where J−0 (p) = J0(p)/(1+ wp) J0(p).
Since X0(37) is “peculiar”, he assumed p = 37. Precisely, p = 37 is the only prime number such
that g+0 (p) 1 (then g0(p) 2), X0(p) is a hyperelliptic curve and wp is not the hyperelliptic invo-
lution ([Og, p. 279, Satz 1], [MaSw, p. 27]). The main theorem of this paper is the following.
Theorem 1.2. Let M  2 be an integer. Let K be Q or an imaginary quadratic ﬁeld. If K = Q, assume 37 does
not split in K and 3 does not divide the class number hK of K . Then the K -rational points on the modular curve
X+0 (37M) consist of cusps and CM points.
For a prime number p, let Ysplit(p) be the coarse moduli scheme over Q of the isomorphism
classes of (E, {A, B}) where E is an elliptic curve and A, B are independent cyclic subgroups of E of
order p [Mo1, p. 115]. Let Xsplit(p) be the smooth compactiﬁcation of Ysplit(p). Then Xsplit(p) is a
proper smooth curve over Q. We have an isomorphism X+0 (p2) ∼= Xsplit(p) given by
(E, A) → (E/A[p],{A/A[p], E[p]/A[p]}),
where A[p] is the kernel of multiplication by p in A.
Corollary 1.3. Under the assumption in Theorem 1.2, the K -rational points on Xsplit(37) consist of cusps and
CM points.
Remark 1.4. The result in Corollary 1.3 for K = Q was proved in [HiMu, p. 288, Theorem 3.2] (cf. [Mo1,
p. 131, Proposition (5.1)]).
Let X0(N) be the normalization of the composite
X0(N)
j−→ X0(1) = P1Q ⊆ P1Z,
where j : (E, A) → E . Let p be a prime divisor of N with r = ordp N . Then the special ﬁber
X0(N) ⊗Z Fp has r + 1 irreducible components E0, E1, . . . , Er . These irreducible components are de-
ﬁned over Fp and intersect at the supersingular points. Let ζ = ζN be a primitive N-th root of unity.
For each positive divisor d of N and an integer i, 0  i < d, prime to d, let Ad,i be the subgroup of
Gm × Z/(N/d)Z generated by (ζ i,1 mod N/d). Let
( i
d
)
be the cuspidal section of X0(N) which is
represented by the pair (Gm × Z/(N/d)Z, Ad,i) for the integers d, i as above. For d = 1 and N , we
write 0 = (01) and ∞ = (1N). We choose the irreducible components Et so that ( id)⊗ Fp are sections
of Et for a positive divisor d of N with t = ordp d. For 0 t  r, let Eht be the open subscheme of Et
obtained by excluding the supersingular points.
For a group or a group scheme G and an integer n, let G[n] be the kernel of multiplication by n
in G . For a group scheme G , let G0 be the connected component of the identity in G .
We would like to thank the anonymous referee for helpful suggestions.
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The modular curve X0(37) is a hyperelliptic curve and has genus 2. The curve X0(37) is deﬁned
by the equation [MaSw, p. 22]
Y 2 = −X6 − 9X4 − 11X2 + 37. (2.1)
This equation also deﬁnes X0(37) ⊗Z Z[ 12 ]. We see that the ﬁber X0(37) ⊗Z F37 has the equation
Y 2 = −X2(X2 − 14)2,
where two P1
F37
meet transversally at the three points (0,0), (
√
14,0), (−√14,0). Note that 14 is
not a square in F37. These three points correspond to supersingular elliptic curves over F37 whose
j-invariants (mod 37) are not 0,1728 since 37 ≡ 1 mod 12 [Ma1, p. 63]. Let z ∈ {(0,0), (√14,0),
(−√14,0)} ⊆ X0(37)(F37). Then we have
ÔX0(37)⊗Zunr37 ,z ∼= Zunr37 [[u, v]]/(uv − 37), (2.2)
where Zunr37 is the ring of integers in the maximal unramiﬁed extension of Q37 and ÔX0(37)⊗Zunr37 ,z is
the completion of the local ring OX0(37)⊗Zunr37 ,z at the maximal ideal.
The involution w37 acts on X0(37) by w37(X, Y ) = (−X, Y ). On X0(37) ⊗Z F37 the involution
w37 exchanges the two irreducible components, and we have w37(0,0) = (0,0), w37(±
√
14,0) =
(∓√14,0). The hyperelliptic involution S acts on X0(37) by S(X, Y ) = (X,−Y ). We have another
involution T := Sw37 = w37S which acts on X0(37) by T (X, Y ) = (−X,−Y ). We have X0(37)(Q) =
{0,∞, γ0, γ∞} where 0 = (−1,4), ∞ = (1,4) are cuspidal points and γ0 = T (0) = (1,−4), γ∞ =
T (∞) = (−1,−4) are non-cuspidal points [MaSw, p. 30, Proposition 2]. We know γ0, γ∞ correspond
to non-CM elliptic curves ([MaSw, p. 30], [Si, p. 483]). Note that 0 ⊗ F37 and ∞ ⊗ F37 lie on the
different irreducible components of X0(37) ⊗Z F37.
X0(37) ⊗ F37
(0,0)
(−√14,0) (√14,0)
×0 ×
∞
w37
Put
U := (X + 1)/2.
We see that U induces a map
X0(37) → P1Z,
which we also write U .
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Z2 + Z = −U6 + 3U5 − 6U4 + 7U3 − 5U2 + 2U ,
which deﬁnes X0(37) ⊗Z Z(2) . Here we have 0= (0,0), ∞ = (1,0), γ0 = (1,−1), γ∞ = (0,−1).
At the prime number 37, the map U is also well deﬁned at singular points (0,0), (
√
14,0),
(−√14,0).
In terms of modular forms, the map U is described as follows. Let f+ = q − 2q2 − 3q3 + · · · (resp.
f− = q + q3 + · · ·) be the newform on Γ0(37) of weight 2 with eigenvalue +1 (resp. −1) of w37. We
can choose X = f+/ f− [MaSw, p. 21]. Put
ω+ := f+dq/q, ω− := f−dq/q,
which are basis of H0(X0(37) ⊗Z Z[ 12 ],Ω). Put
ω0 := (ω+ + ω−)/2 =
(
1− q − q2 + · · ·)dq.
Then ω0 has coeﬃcient in Z and belongs to H0(X0(37),Ω). We can check that ω0, ω− are basis of
H0(X0(37),Ω). We have
U = ω0/ω− = 1− q − 2q2 + · · · .
Let p be a prime number and M  1 be an integer. Let
π : X0(pM) → X0(p)
be the natural map deﬁned by
(E, A) → (E, A[p]).
We have an involution wp on X0(p) (see Section 1). By abuse of notation, we also write the induced
map wp : J0(p) → J0(p). Put
J−0 (p) := J0(p)/(1+ wp) J0(p).
Deﬁne a map
h : X0(pM) → J0(p)
by
h(x) := cl((wpπ(x))− (πwpM(x))).
Put
h˜− : X0(pM) h−→ J0(p) → J−(p),0
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J−0 (p), where X0(pM) → X+0 (pM) is the quotient map. We call the induced map h− : X+0 (pM) →
J−0 (p). Thus we have the following commutative diagram:
X0(pM)
h−−−−→ J0(p)⏐⏐	 ⏐⏐	
X+0 (pM)
h−−−−−→ J−0 (p).
In fact, for a point x on X0(pM), we have wph(x) = cl((π(x)) − (wpπwpM(x))) = −hwpM(x). Thus
hwpM(x) = −wph(x) ≡ h(x) mod (1+ wp) J0(p).
Put
c := cl((0) − (∞)) ∈ J0(37)(Q)
and let
C ⊆ J0(37)(Q)
be the subgroup generated by c. Then C ∼= Z/3Z [Ma1, p. 98, Proposition (11.1)]. The quotient J−0 (37)
is an elliptic curve over Q, which corresponds to the cusp form f− = q + q3 + · · · . We know C maps
injectively to J−0 (37)(Q) via the natural map J0(37) → J−0 (37) [Ma1, p. 143, Corollary (1.4)]. We
also write its image C . We can naturally identify J−0 (37) = X0(37)/T ([MaSw, p. 18], [ReVi, Theo-
rem 3.2]).
The quotient (X0(37) ⊗Z F37)/T has two irreducible components which are isomorphic to P1F37 .
They meet transversally at two points (say α,β), the images of (0,0), (±√14,0) ∈ X0(37)(F37). We
have Oˆ(X0(37)/T )⊗Zunr37 ,α ∼= Zunr37 [[u, v]]/(uv − 372) and Oˆ(X0(37)/T )⊗Zunr37 ,β ∼= Zunr37 [[u, v]]/(uv − 37). The
minimal regular model X of X0(37)/T over Z is obtained from X0(37)/T by blowing up at α. Let F
be the Néron model of J−0 (37) over Z. Then F is obtained from X by discarding the three singular
points at 37. We have F ⊗ F37 ∼= Gm × Z/3Z. The images of 0 ⊗ F37 and ∞ ⊗ F37 in F ⊗ F37 lie on
different irreducible components.
(X0(37) ⊗ F37)/T X ⊗ F37
α β βblow-up
3. Proof of Theorem 1.2 (case K =Q)
We prove Theorem 1.2 for K = Q. For later use we also prepare for the case where K is quadratic.
Let K be Q or a quadratic ﬁeld. Let M  2 be an integer and suppose X0(37M)(K ) consists of cusps.
Take a non-cuspidal point y ∈ X+0 (37M)(K ). Let x,w37M(x) be the sections of the ﬁber X0(37M)y .
Then x,w37M(x) determine rational points on X0(37M) over L, where [L : K ] = 2. Let σ ∈ Gal(L/K )
be the non-trivial element. Then we have w37M(x) = σ x.
By [Ma2, p. 129], we know X0(37M)(Q) = {cusps}. Since F (Q) = C , we have h−(y) = 0 [Mo3,
p. 282, Corollary (2.9)].
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Sπ(x) = πw37M(x), then U (π(x)) ∈ P1(K ) = K ∪ {∞}.
Proof. The equality h−(y) = 0 ∈ J−0 (37)(K ) implies cl((w37π(x)) − (πw37M(x))) = 0 ∈ J−0 (37)(K ).
Then (w37π(x)) − (πw37M(x)) = ( f ) for a rational function on the elliptic curve J−0 (37) = X0(37)/T .
Hence w37π(x) = πw37M(x) ∈ (X0(37)/T )(L). Therefore w37π(x) = πw37M(x) or Tπw37M(x) in
X0(37)(L). If w37π(x) = πw37M(x) ∈ X0(37)(L), then x is a CM point. If w37π(x) = Tπw37M(x) ∈
X0(37)(L), then Sπ(x) = πw37M(x) = π(σ x) = σπ(x). We know that X0(37) can be covered by two
aﬃne charts (X, Y ) and (X ′, Y ′) where X ′ = 1X , Y ′ = YX3 . We see X0(37) has also the following equa-
tion:
Y ′2 = −1− 9X ′2 − 11X ′4 + 37X ′6.
The hyperelliptic involution S acts on it as S(X ′, Y ′) = (X ′,−Y ′). If π(x) = (X, Y ) (resp. (X ′, Y ′))
∈ X0(37)(L), then the equality Sπ(x) = σ π(x) implies X ∈ K (resp. X ′ ∈ K ). Hence U (π(x)) = ∞ or
∈ K . Note that U (π(x)) = ∞ corresponds to X ′ = 0. 
Lemma 3.2. If Sπ(x) = πw37M(x) and U (π(x)) = ∞, then x is a CM point.
Proof. Consider the coordinates (X ′, Y ′) where X ′ = 1X , Y ′ = YX3 . For X = ∞, there correspond two
points ε+ = (0,
√−1 ), ε− = (0,−
√−1 ). We have w37(X ′, Y ′) = (−X ′,−Y ′), S(X ′, Y ′) = (X ′,−Y ′),
w37S(X ′, Y ′) = (−X ′, Y ′). We have π(x) = ε± , because U (π(x)) = ∞ and X(π(x)) = ∞. Then
w37Sπ(x) = π(x). Since Sπ(x) = πw37M(x), we get w37πw37M(x) = π(x). Therefore x is a CM
point. 
Lemma 3.3. Suppose Sπ(x) = πw37M(x) and U (π(x)) ∈ K . Then U (π(x)) ≡ 0,1 mod l(OK )(l) for any
non-zero prime ideal l ⊆ OK .
Proof. Assume U (π(x)) ≡ 0 mod l(OK )(l) . Then π(x) ⊗ κ(l) ∈ {0 ⊗ κ(l), γ∞ ⊗ κ(l)} ⊆ X0(37)(κ(l)).
Suppose π(x) ⊗ κ(l) = 0 ⊗ κ(l). Since 0 ⊗ κ(l) is a cusp, we have vl( j(π(x))) < 0, where vl is the
l-adic valuation. On the other hand, Sπ(x)⊗ κ(l) = γ∞ ⊗ κ(l). Since γ∞ ⊗ κ(l) is not a cusp, we have
vl( j(Sπ(x)))  0. Since Sπ(x) = πw37M(x) and x has the same reduction type at l as w37M(x), we
get a contradiction.
In the other cases, it can be done similarly. 
Lemma 3.4. Suppose K is Q or an imaginary quadratic ﬁeld other than Q(
√−1 ), Q(√−3 ). If Sπ(x) =
πw37M(x) and U (π(x)) ∈ K , then x is a CM point.
Proof. Since K = Q or an imaginary quadratic ﬁeld other than Q(√−1 ),Q(√−3 ), we have
O×K = {±1}. If U (π(x)) ∈ K , Lemma 3.3 implies vl(U (π(x)))  0 for any non-zero prime ideal
l ⊆ OK . Then U (π(x)) = 1a for some a ∈ OK \ {0}. Since U (π(x)) ≡ 1 mod l(OK )(l) , we have
a−1
a ≡ 0 mod l(OK )(l) (for any non-zero prime ideal l). As a and a − 1 is prime to each other, we get
a − 1 ∈ O×K = {±1}, therefore a = 2. But then U (π(x)) = 12 , X(π(x)) = 0, and π(x) is ﬁxed by w37.
Hence x is a CM point. 
Now we have shown Theorem 1.2 for K = Q.
4. Proof of Theorem 1.2 (general case)
To prove Theorem 1.2 in general, it suﬃces to show X0(37M)(K ) = {cusps} and h−(y) = 0.
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alently, ρ2(Gal(Q/Q)) contains the subgroup{(
1 0
0 1
)
,
(
1 1
1 0
)
,
(
0 1
1 1
)}
.
Proof. As mentioned above, the elliptic curve J−0 (37) corresponds to the cusp form f− = q+q3 +· · · .
Since a2( f−) = 0, the elliptic curve J−0 (37) has (good) supersingular reduction at 2. Thus ρ2|Gal(Q2/Q2)
is irreducible. 
Proposition 4.2. We have F (F2) ∼= Z/3Z and F (Q(
√−3 )) ∼= F (F4) ∼= (Z/3Z)2 . Let K be Q or a quadratic
ﬁeld. If K = Q(√−3 ), then F (K )tor = C.
Proof. If K = Q, the equality F (Q)tor = C is known.
Suppose K is quadratic. Since a2( f−) = 0, we have F (F2) = 3 and F (F4) = 9. By Corol-
lary (16.3) in [Ma1, p. 125], we see F [3] ∼= Z/3Z ⊕μ3. Thus GQ(√−3 ) acts trivially on F [3](Q). Hence
F [3](Q(√−3 )) = F [3](Q) ∼= (Z/3Z)2.
We see ρ2|GK is irreducible and F (K )[2] = 0 because K is quadratic. Thus we have an equal-
ity F (K )tor = F (K )[a] for some odd integer a  1. As K is quadratic, F (K )[a] maps injectively
to F (F4).
In particular, we have inclusions F [3](Q(√−3 )) ⊆ F (Q(√−3 ))tor ↪→ F (F4). Comparing the orders,
we get F (Q(
√−3 ))tor ∼= F (F4) ∼= (Z/3Z)2.
If K = Q(√−3 ), we have F [3](K ) = C . We know F (F4) is killed by 3, hence F (K )tor =
F [3](K ) = C . 
Proposition 4.3. Let K be Q or an imaginary quadratic ﬁeld. Assume 3 does not divide the class number hK
of K , and 37 does not split in K . Then F (K ) = C.
Proof. If K = Q, the equality F (Q) = C is known. Suppose K = Q. Since 37 does not split in K , we
have K = Q(√−3 ). Proposition 4.2 implies F (K )tor = C . Let G be the Néron model of J−0 (37) ⊗Q K
over OK . Then G(OK ) = G(K ) = F (K ) ∼= Zr × C for some r  0. We have an exact sequence
0 → G0 → G → C ′ → 0
for some ﬁnite C ′ (in fact this C ′ is cyclic of order 3eK/Q(37), where eK/Q(37) is the ramiﬁcation
index of K/Q at 37). Thus it suﬃces to show G0(OK ) < ∞.
The exact sequence
0 → G0[3] → G0 ×3−−→ G0 → 0
of fppf sheaves over SpecOK induces the following exact sequence of cohomology groups:
0 → G0(OK )/3G0(OK ) → H1
(
G0[3])→ H1(G0)[3] → 0.
Now we show H1(G0[3]) = 0. Since F [3] = Z/3Z⊕μ3 and FF37/F 0F37 ∼= C , we have F 0[3] = (Z/3Z) ⊕
μ3 (over SpecZ), where (Z/3Z) = Spec(Z×Z[1/37]×Z[1/37]) is a quasi-ﬁnite ﬂat subgroup scheme
of Z/3Z = Spec(Z × Z × Z) over SpecZ (cf. [Ma1, p. 44]).
Since F is semi-stable, we have F 0 ⊗Z OK ∼= G0. Hence G0[3] = (Z/3Z) ⊕ μ3 (over SpecOK ),
where (Z/3Z) = Spec(OK × OK [1/37]× OK [1/37]) is a quasi-ﬁnite ﬂat subgroup scheme of Z/3Z =
Spec(OK × OK × OK ) over SpecOK .
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hence H1(G0[3]) is zero (where the cohomology groups are taken over SpecOK ). The exact sequence
0→ (Z/3Z) → Z/3Z → ϕ → 0
of fppf sheaves over SpecOK induces the following exact sequence:
0 → H0((Z/3Z))→ H0(Z/3Z) → H0(ϕ) → H1((Z/3Z))→ H1(Z/3Z) → ·· · .
We have H0((Z/3Z)) = 0, H0(Z/3Z) = Z/3Z, H0(ϕ) = Z/3Z, H1(Z/3Z) = 0. The third equality holds
since 37 does not split in K . The fourth equality holds since 3 does not divide hK . Hence we conclude
H1((Z/3Z)) = 0.
The exact sequence
0→ μ3 → Gm 3−→ Gm → 0
of fppf sheaves over SpecOK induces the following exact sequence:
0→ O×K /
(O×K )3 → H1(μ3) → H1(Gm)[3] → 0.
Since K is imaginary quadratic and K = Q(√−3 ), we have O×K /(O×K )3 = 0. Since 3 does not di-
vide hK , we have H1(Gm)[3] = 0. Hence H1(μ3) = 0. Therefore H1(G0[3]) = 0.
Thus G0(OK )/3G0(OK ) = 0. Since G0(OK ) (⊆ G(OK ) ∼= Zr × C ) is a ﬁnitely generated abelian
group, we conclude G0(OK ) < ∞. 
The hypothesis for K in Theorem 1.2 implies F (K ) = C by Proposition 4.3. We have two Q(√37 )-
rational points R = (0,√37 ), R ′ = (0,−√37 ) on X0(37). A point x ∈ X0(37)(Q) is ﬁxed by the
involution w37 if and only if x ∈ {R, R ′}.
Proposition 4.4. Let K be a number ﬁeld. Assume F (K ) = C. Then X0(37)(K ) ⊆ {0,∞, γ0, γ∞, R, R ′}.
Proof. Take an element x ∈ X0(37)(K ). Consider the composite map
X0(37)(K ) → J0(37)(K ) → J−0 (37)(K ) = J−0 (37)(Q) = C =
〈
cl
(
(0) − (∞))〉,
where the left arrow is deﬁned by y → cl((y) − (∞)). Since C ∼= Z/3Z, there are three cases:
cl((x) − (∞)) = 0, cl((0) − (∞)), cl((∞) − (0)) on J−0 (37).
Suppose cl((x) − (∞)) = 0 on J−0 (37) = X0(37)/T . Since X0(37)/T  P1, we have x = ∞ on
X0(37)/T . Then x ∈ {∞, T (∞) = γ∞} on X0(37).
Next suppose cl((x) − (∞)) = cl((0) − (∞)) on J−0 (37). Then cl((x) − (0)) = 0 on X0(37)/T . Hence
x ∈ {0, T (0) = γ0} on X0(37).
Finally suppose cl((x) − (∞)) = cl((∞) − (0)) on J−0 (37). Then cl((x) − 2(∞) + (0)) is a section of
(1+ w37) J0(37), where w37 acts trivially. Hence cl((1− w37)((x)− 2(∞)+ (0))) = 0 on J0(37). Since
cl(3(0)− 3(∞)) = 0, we have cl((x)− (w37(x))) = 0 on J0(37). Then div( f ) = (x)− (w37(x)) for some
rational function f on X0(37). Therefore x = w37(x) on X0(37). 
Proposition 4.5. Let K be a number ﬁeld not containing Q(
√
37 ). Suppose X0(37)(K ) ⊆ {0,∞, γ0, γ∞,
R, R ′}. Let M  2 be an integer. Then X0(37M)(K ) consists of cusps.
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be a cyclic K -rational subgroup of order 37M . Since M  2, we have three (distinct) natural maps
X0(37M) → X0(37);
(E, A) →
⎧⎨
⎩
(E, A[37]),
(E/A, (E[37] + A)/A),
(E/A[37], E[37]/A[37]).
The three pairs (E, A[37]), (E/A, (E[37] + A)/A), (E/A[37], E[37]/A[37]) correspond to γ0 and γ∞
since K does not contain Q(
√
37 ). Thus at least two of the three are isomorphic, and E has CM. But
we have a contradiction because γ0 and γ∞ are not CM points. 
For L a number ﬁeld or a ﬁnite extension of Qunr37 , let J0(37)/OL (resp. J
−
0 (37)/OL ) be the Néron
model of J0(37) ⊗Q L (resp. J−0 (37) ⊗Q L) over the ring of integers OL of L.
Proposition 4.6. Let K be Q or a quadratic ﬁeld. Let M  2 be an integer and suppose X0(37M)(K ) consists
of cusps. Let y ∈ X+0 (37M)(K ) be a non-cuspidal point, and x, w37M(x) be the sections of the ﬁber X0(37M)y .
Let L be the quadratic extension of K over which x, w37M(x) are deﬁned. Take a prime p of L above 37. Consider
the following four conditions:
(i) K = Q.
(ii) 37|M.
(iii) x⊗ κ(p) is not a supersingular point.
(iv) 37 is not inert in K or eL/Q(p) = 2.
(1) If one of (i)–(iv) is satisﬁed, then h(x)⊗ κ(p) is a section of ( J0(37)/OL ⊗ κ(p))0 . (Then h−(y)⊗ κ(p) is
a section of ( J−0 (37)/OL ⊗ κ(p))0 .)
(2) Otherwise, h−(y) ⊗ κ(p) is a section of ( J−0 (37)/OL ⊗ κ(p))0 .
Proof. For simplicity write p = 37 and N = 37M . If K = Q, the result is known in [Mo3, p. 277,
Lemma (2.6)]. Suppose K is quadratic. Let Y˜0(37) → SpecOL be the minimal proper regular
model of X0(37) ⊗Q L. We may canonically identify X0(N)(OL) = X0(N)(L) and X0(37)(OL) =
X0(37)(L) = Y˜0(37)(OL). If wpπ(x) and πwN (x) deﬁne sections of the same irreducible component
of Y˜0(37)sm ⊗ κ(p), then the result follows. Put r = ordp N . If x ⊗ κ(p) is a section of Eh0 ∪ Ehr , then
wpπ(x) and πwN (x) deﬁne sections of the same irreducible component of Y˜0(37)sm ⊗ κ(p). If 37|M ,
then x ⊗ κ(p) is a section of Eh0 ∪ Ehr since eL/Q(p)  4 ([Mo2, p. 452, Corollary (2.3)], cf. [MoSh,
p. 159, Main Theorem]). If 37  M and x⊗ κ(p) is not a supersingular point, then x⊗ κ(p) is a section
of Eh0 ∪ Ehr for r = 1.
From now on consider the case when 37  M and x ⊗ κ(p) is a supersingular point. By (2.2), we
have eL/Q(p) 2.
(I) Case 37 splits in L and eL/Q(p) = 2. Since κ(p) = Fp , the sections x ⊗ κ(p), wN (x) ⊗ κ(p) =
xσ ⊗ κ(p) are Fp-rational. Thus π(x) ⊗ κ(p), πwN (x) ⊗ κ(p) are also Fp-rational. Hence πwN (x) ⊗
κ(p) = π(x) ⊗ κ(p) = wpπ(x) ⊗ κ(p) ∈ X0(37)(κ(p)). Then wpπ(x) ⊗ κ(p) and πwN (x) ⊗ κ(p) cor-
respond to sections in the same irreducible component of Y˜0(37)sm ⊗OL κ(p). Therefore we get
h(x) ⊗ κ(p) = 0 ∈ ( J0(37)/OL ⊗ κ(p))/( J0(37)/OL ⊗ κ(p))0.
(II) Case 37 ramiﬁes in K and p∩ OK is inert in L/K . We have κ(p) = Fp2 . The sections x, wN (x) =
xσ correspond to Gal(L/K )-conjugate elliptic curves over L. Hence π(x) ⊗ κ(p), πwN (x) ⊗ κ(p)
correspond to Gal(Fp2/Fp)-conjugate elliptic curves over Fp2 . If one of them is Fp-rational, the
other is also Fp-rational. Then wpπ(x) ⊗ κ(p) = π(x) ⊗ κ(p) = πwN (x) ⊗ κ(p) ∈ X0(37)(Fp). Oth-
erwise they correspond to the two distinct Fp2 -rational supersingular points. Then wpπ(x) ⊗ κ(p) =
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same irreducible component of Y˜0(37)sm ⊗ κ(p).
(III) Case eL/Q(p) = 4. We have κ(p) = Fp and x⊗ κ(p) = xσ ⊗ κ(p) = wN (x) ⊗ κ(p) ∈ X0(N)(Fp).
Then π(x) ⊗ κ(p) = πwN (x) ⊗ κ(p), which is Fp-rational. Hence wpπ(x) ⊗ κ(p) = π(x) ⊗ κ(p) =
πwN (x) ⊗ κ(p) ∈ X0(37)(Fp). Let (E, A) be the pair corresponding to x, where E is an elliptic curve
over L and A is an L-rational cyclic subgroup of E of degree N . Then wpπ(x) (resp. πwN (x))
corresponds to (E/A[p], E[p]/A[p]) (resp. (E/A, (E[p] + A)/A)). Since E[p]/A[p] ∼= (E[p] + A)/A
as group schemes over L, we know that wpπ(x) ⊗ κ(p), πwN (x) ⊗ κ(p) deﬁne sections of the
same exceptional irreducible component of Y˜0(37)sm ⊗OL κ(p) [Mo3, p. 272, (1.3)]. Note that three
exceptional irreducible components appear by blowing-up at wpπ(x) ⊗ κ(p) = πwN (x) ⊗ κ(p) ∈
X0(37)(Fp).
(IV) Case 37 is inert in K and p ramiﬁes in L/K . We have κ(p) = Fp2 . Since p ramiﬁes in
L/K , we have x ⊗ κ(p) = xσ ⊗ κ(p) = wN (x) ⊗ κ(p). Hence π(x) ⊗ κ(p) = πwN (x) ⊗ κ(p). If it
is Fp-rational, we have wpπ(x) ⊗ κ(p) = πwN (x) ⊗ κ(p) ∈ X0(37)(Fp). Then wpπ(x) ⊗ κ(p) and
πwN (x) ⊗ κ(p) deﬁne sections of the same irreducible component of Y˜0(37)sm ⊗OL κ(p). Suppose it
is not Fp-rational. Then wpπ(x) ⊗ κ(p), πwN (x) ⊗ κ(p) correspond to the two distinct Fp2 -rational
supersingular points. Hence wpπ(x)⊗κ(p), πwN (x)⊗κ(p) deﬁne sections of two distinct exceptional
irreducible components (say B1, B2) of Y˜0(37)sm ⊗OL κ(p), and the involution T = Swp exchanges
B1 and B2. Thus wpπ(x) ⊗ κ(p), πwN (x) ⊗ κ(p) map to sections in the same irreducible com-
ponent of (Y˜0(37)/T )sm ⊗ κ(p) via the quotient map Y˜0(37) → Y˜0(37)/T . Since the quotient map
X0(37) → X0(37)/T induces the natural map J0(37)/OL → J−0 (37)/OL , we conclude that h−(y)⊗κ(p)
deﬁne a section of ( J−0 (37)/OL ⊗ κ(p))0. 
Y˜0(37) ⊗ κ(p) (Y˜0(37)/T ) ⊗ κ(p)
B1 B2
×
×
×
×
×
×
/T
blow-up
Since J−0 (37) is an elliptic curve, we know the following.
Lemma 4.7. (Cf. [Mo3, p. 278, Proposition (2.8)].) Let L be a ﬁnite extension of Qunr37 . Let C ⊆ J−0 (37)/OL be
the ﬁnite ﬂat subgroup scheme generated by C . Then we have (C ⊗ F37) ∩ ( J−0 (37)/OL ⊗ F37)0 = {0}.
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Proof. If K = Q, the result is known in [Mo3, p. 282, Corollary (2.9)]. By the assumption we have
h−(y) ∈ J−0 (37)(K ) = C . Since h−(y) ∈ C ⊆ J−0 (37)(L), we have h−(y) ∈ C(OL) ⊆ J−0 (37)/OL (OL).
Hence h−(y) ⊗ κ(p) ∈ C ⊗ κ(p) ⊆ J−0 (37)/OL ⊗ κ(p).
On the other hand we have h−(y) ⊗ κ(p) ∈ ( J−0 (37)/OL ⊗ κ(p))0 by Proposition 4.6.
By Lemma 4.7, we have h−(y) ⊗ κ(p) = 0. Since C ∼= (Z/3Z)/OL is étale, we conclude
h−(y) = 0. 
Now we have completed the proof of Theorem 1.2.
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